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■ 1. Introduction 

> , 

^ . The Toda lattice equations is a set of nonhnear evolutionary differential-difference equations 
\^ \ introduced by Toda ([1], [2]) describing an infinite system of masses on a line that interact 
O \ through an exponential force which is used to explain nonergodic character in the well-known 
\0 • Fermi-Pasta-Ulam paradox. It was soon realized that this lattice equations is a completely 
^ . integrable system, i.e. admits infinite conserved quantities and exact analytic solutions. It has 
Q \ important applications in many different fields such as classical and quantum fields theory. For 
our best knowledge, there are at least three important extensions of Toda lattice equation. The 
first one is the Toda hierarchy [3], which is in fact a two-dimensional extended hierarchy through 
infinite-dimensional matrix inspired by the Sato theory[l]. Recently, considering application to 
\ 2D topological fields theory and the theory of Gromov-Witten invariants ([5], [6], [T],[8]) of Toda 
lattice hierarchy, one replaced the discrete variables with continuous one. After continuous " 
interpolation" [9] to the whole Toda lattice hierarchy, it was found the fiow of spatial translations 
was missing. In order to get a complete family of flows [10], the interpolated Toda lattice 
hierarchy was extended into the so-called extended Toda hierarchy(ETH) [9], which is the 
second extension of the Toda lattice equations. It was firstly conjectured and then shown 
([5], [in], [H]) that the extended Toda hierarchy is the hierarchy describing the Gromov- 
Witten invariants of CP^ by matrix models [12] which describe in the large limit of the CP^ 
topological sigma model. The HBEs of the ETH are given by Milanov 's work[T3]. The third 
extension of Toda lattice equations is the extended bigraded Toda hierarchy(EBTH), which 
are discovered independently two times from different concerns. The dispersionless version of 
extended bigraded Toda hierarchy was firstly introduced by S. Aoyama, Y. Kodama in [T^ . 
In the dispersionless limit, the EBTH can be obtained from the dispersionless KP hierarchy. 
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More recently, the extended bigraded Toda hierarchy was re-introduced by Gudio Carlet |15j 
who hoped that EBTH might also be relevant for some applications in 2D topological fields 
theory and in the theory of Gromov-Witten invariants. Specifically, Carlet [U] generalized the 
Toda lattice hierarchy by considering N + M dependent variables and used them to provide a 
Lax pair definition of the extended bigraded Toda hierarchy. On the base of [15j, Todor. E. 
Milanov and Hsian-Hua Tseng [16] described conjecturally one kind of Hirota bilinear equations 
(HBEs) which was proved to govern the Gromov-Witten theory of orbiford Ckm- This naturally 
inspires us to consider the Sato theory of EBTH because the HBEs are the core knowledge of 
the integrable systems. 

Sato and Sato proved one kind of algebraic identity in theorem of [1] about tau function of 
KP hierarchy which is now called the Fay-identity |17j . There are some important extensions, 
such as differential Fay-identity and its implication [TS]. Furthermore, Takasaki and Takebe 
derived the differential Fay identity from the Hirota bilinear identity(HBI) of KP hierarchy 
and showed that the differential Fay identity is equivalent to KP hierarchy in appendix of 
[19] . In [20], it shows that differential (or difference, for the Toda hierarchy) Fay identities 
are generating functional expression of the full set of auxiliary linear equations and equivalent 
to the integrable hierarchies themselves. Lee-Peng Teo derived the Fay-like identities of tau 
function for the Toda lattice hierarchy from the HBI and prove that the Fay-like identities are 
equivalent to the hierarchy [2T] . 

So the purpose of this paper is to establish Sato formulation of EBTH including its Lax 
equations, Sato equations, wave operators, HBIs, tau-functions. Fay-like identities and HBEs. 
An important feature of the current HBEs is that they are not differential equations of functions 
as the case of usual integrable systems. Actually, HBEs of the EBTH are equations of product 
of operators involving e^"" and T{t). Here r function is regarded as a zero order operator. In 
other words, the coefficients of vertex operators with a form of e ^"'^ ^/3>™ z''™ '/s,™ 

in the HBEs, are not scalar-valued but take values in the algebra of differential operators, i.e. 
{dxi x}. This subtle point of HBEs can be found in Milanov's work [T3]. Our work is an highly 
nontrivial extension of the results in ^ISj which is about ETH. We would like to stress that the 
current HBEs in section 5 are different from the one in [16j . 

The paper is organized as follows. In Section 2, we redefine the Lax equations using the 
roots and the logarithms of the Lax operator C and give Zakharov-Shabat equation and Sato 
equations for the EBTH. By using the wave operators and their symbols, some bilinear identities 
are given in Section 3. In Section 4 we define the tau-function of EBTH and prove its existence, 
moreover we give some Fay-like identities from HBIs under some special cases. In Section 5 we 
give the HBEs of EBTH in the form of tau function and vertex operators, meanwhile we prove 
its validity with the help of HBI. In Section 6 we give the HBEs of bigraded Toda hierarchy 
(BTH) as a corollary. Section 7 is devoted to conclusions and discussions. 

2. The EBTH 

We describe the Lax form of the EBTH following [15]. Introduce firstly the lax operator 

£ = A^ + UM-iA.''-^ + ■■■ + u.mA'^' (2.1) 

which can be expressed in the following two different ways 

£ = VlA^V^^ = VrA-^^V^\ (2.2) 

Here, A^, M > 1 are two fixed positive integers and U-m is a non- vanishing function. The 
variables Uj are functions of the spatial variable x and the shift operator A acts on a function 
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a(x) by Aa(x) = a{x + e), i.e. A is equivalent to 6^^"= where the spacing unit "e" is called string 
coupling constant. The operators Vl and Vr have the following forms 

Vl = 1 + WiA-^ +W2A-^ + (2.3) 
Vr = wo + wiA + W2A^ + . . . , (2.4) 

where Wq is not zero. The inverse operators of Pl and Pr are given by 

Vl^ = l + A"^Wi + A-^W2 + ..., (2.5) 
= w'^ + Aw[+A^W2 + .... (2.6) 

Note that the operator A* are fixed at the left side of coefficients in inverse operators. The 
uniqueness is up to multiplying Vl and Vr from the right by operators in the form 1 + aiA~^ + 
02 A~^ + ... and ciq + aiA + a2A^ + . . . respectively whose coefficients are independent of x. From 
the first identity of eq. fl2.2p . we can easily get the relation of Ui and wj as following 

un^i = wi{x) - wi{x + Ne), (2.7) 
un-2 = W2ix)-W2{x + Ne)-{wi{x)-wi{x + Ne))wi{x + {N-l)e), (2.8) 
MAr_3 = Wsi^x) — Wsi^x + Ne) — [w2{x) — W2{x + Ne) — {wi{x) — Wi{x + Ne))wi{x + {N — l)e)] 
wi{x + {N - 2)e) - {wi{x) - wi{x + Ne))w2{x + {N - l)e), (2.9) 



Moreover, by using the second identity of eq.f l2.2p and the non- vanishing character of wq, we 
can also easily get the relation of Ui and Wj formally as following 



U-M 



U-M+1 



U-M+2 



UN-1 



UN = 1 



Wo{x) 



wo{x — Me) 

UI 

wo{x—Mt) 



M^) - If^^B^Mx - Me) 



Wo{x - (M - l)e) 



- ^o(x-M.) ^2(x - Me) - ^„^l_(Mli)e) - (M - l)e) 

Wo{x - (M - 2)e) 

Wm+n-1 - u^mWm+n~i{x - Me) un-2Wi{x + {N - 2)e) 

Woix + {N-l)e) 

wm+n - u^mWm+n{x - Me) un-iWi{x + (iV - l)e) 

wo(x + A^e) 



To write out explicitly the Lax equations of EBTH, fractional powers Cn and Cm was defined 

by 



£^=A + J]afcA^ £if = J] 6fcA* 



fc<0 fc>-l 

with the relations 



(£^)^ = (£ii)^ = £. 



It was stressed that C^^ and Cm are two different operators even if = M{N, M > 2) in 
due to two different dressing operators. They can also be expressed as following 



Moreover, as |T2] it is necessary to define the following two logarithms 

log+ C = ViNedVl^ = Ned - NeVixV^^ = Ned + 2A^ ^ W-k{x)A'\ 

log. £ = -pRMedV^^ = -Med + MeVi^V^^ = -Med + 2M^Wk{x)A\ 

k>0 

where d = and Vlxi'Prx are differentiating Vl,Vr respectively with respect to x. Now 
define 

log £ = ^ log^ £ + ^ log_ C = J2 WkA'. 

fcez 

Given any difference operator A = "^f^AkA^, the positive and negative projections are given 
by A^ = J2k>o^kA'' and A_ = J2k<o ^^A^ ■ Similar to [15j, we give the following definition. 

Definition 2.1. The Lax equations of extended bigraded Toda hierarchy is given by 

^ = [A^,n,C] (2.11) 

for a = N, N — 1, N — 2, . . . , —M and n > 0. Here operators A^^n o-f^ defined by 



Ac.,n= J,^'^^ ^ ^j„,. (£"+^-^)+ for a = iV,iV-l,...,l, (2.12a) 
^a,n = -p^^ir^(£"+'+^)- for « = 0,-l,...,-M + l, (2.12b) 

A.M,n = |j [£"(log£ - i(^ + ^)C„)]+, (2.12c) 
and the constants Cn are defined by 

n 

C„ = 5^-,Co = 0. (2.13) 

k=l 

The only difference of this definition from [15] is that we add the hierarchy when a = 1 to the 
hierarchies in the definition of [15]. That hierarchy is in fact the Toda hierarchy which is also 
the hierarchy when a = 0. We do this because it is necessary to introduce such an additional 
group of equations for proving the existence of tau function. 

Particularly for N = M = 1 this hierarchy coincides with the extended Toda hierarchy 
introduced in [9]. If we consider Cn and £m are two completely independent operators, the 
EBTH will imply well-known 2-dimensional Toda hierarchy. We can consider the EBTH as a 
kind of extended constrained 2-dimensional Toda hierarchy with constraint (Cn)^ = (£m)*^. 
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For the convenience to lead to the Sato equation, we define the following operators which are 
also similar to 



B"-= <! jT^SliT':"'"*. a = 0...-M+l, (2-14) 

^|£"(log£-i(i + i)c„)|, a = -M. 
Then the following lemma can be got [15j. 
Lemma 2.2. The following equations hold 

da^pC- = [v4q, p, i2 ], (2.15) 

(^^)w = [-(i?a,p)-,^^], (2.16) 

{C^t^^^ = [{B^,,)+,C^, (2.17) 

(log+ £)*„,, = [-(i?«,p)_,log+£], (2.18) 

(log_£),^,^ = [(5,,p)+,log_£], (2.19) 
and combine the last two equations into 

(log £)*„,, = [-(i?,,^)_,-Liog^£] + [(5^^^)^,_Liog_£]. (2.20) 

Proof. See [15] . □ 

From the lemma above, noticing that \log^C, £fe/Afj _ q g^j^j [log^C, QkiM^ _ ^g^^^ easily 
get 

/, r\ \A 1 n \\iBa^n)+MgC], whena>0, 

{iogC)t^,^ = [A^,n,logC] = < ^ r n u (^-^^^ 

\[{—Ba^n)-,logL\^ when a < 0. 

Using the lemma above, Carlet proved the following proposition. 

Proposition 2.3. If C satisfies the Lax equations (12.111) . then the following Zakharov-Shabat 
equations hold [I5] 

{Aa,m)t,,„ - (^/3,n)t„,™ + K,™, = (2.22) 

for -M < a,l3 < N , m,n>0. 

Using the Zakharov-Shabat eqs. fl2.22p we can prove the following corollary. 
Corollary 2.4. The following relation holds 

[dt,.„,dt^JC = (2.23) 
for -M < a,(3 < N , m,n>0. 

After the corollary above, we can prove the following lemma using the method in [3]. 
Lemma 2.5. The following two equations hold 

dl3,n{Ba,m)- — da,m{Bi3,n)- — [(-Ba,m)-, (-B/3,n)-] = 0, (2.24) 
— dl3,n{Ba,m)+ + C^Q,m(-B/3,n)+ — [(-Ba,m) + ? (-B/3,n)+] = (2.25) 

here, -M < a, P < N , m,n > 0. 



Proof: We now only give the proof of a case of eqs. fl2.24p which should be taken special care 
of because of the logarithm. As eqs. (12.2 2]) . 

where -M + 1 < /3 < 0, i.e. 

— d-M,n{Bp.m)^ — dj3^m{B-M,n)+ + [— (-B/3,m)-, {B-M,n)+] = 0. 

Eqs. ([515]) lead to 

d^,^C^ = [-{B^,m)-,n (2.26) 
Considering to eqs. (12.211) and using eqs. (12.26]) . we get 

d^,m{B-M,n) = 9^,„(^[£"(/0(7£-i(^ + l)C„)]) 

Then eqs. (12.22"]) imply 

= [d_M,n ~ {B_M,n) + ,di3^m + {BjS^m)-] 

= [d-M,n + {B-M,n)- — B^M.n, dp,m + (-B/3,m)-] 
= [d.M,n + {B 

-M,n)-; f^/3,m + (-B/3,r?i) -] • 

This is just 

d-M,n{Bl3^rn)- — 9 p ^m{B - M ,n) - + [(-B-Af,n)-, (-B/3,m)-] = 0. 

One can further verify other identities easily by the same way. □ 
Considering the lemma above we can prove the following theorem. 

Theorem 2.6. C is a solution to the EBTH if and only if there is a pair of dressing operators 
Vl and Vr, which satisfies the following Sato equations 

da,nVL =-{B^,n)-VL, (2.27) 
de.,nVR = {Ba,n)+VR, (2.28) 

where, -M < a < N, n>0. 

Proof: Using lemma [53] and a standard procedure given by [3] and [IB], we can prove the 
theorem. 



Sato equations can be regarded as the definitions of the wave operators, i.e. Vl and Vr in 
eq. (l2.27p and eq. (l2.28p . It is unique up to multiplying Vl and Vr from the right by operators 
of the form 1 + oiA"-^ + a2A~^ + . . . and do + diA + a2A^ + . . . respectively, where and dj 
are independent of x and ta,n where —M < a < N, n > 0. We shall study identities related 
to the wave operators in next section. On the other hand, we shall show relations between tau 
function and Wi, Wi from Sato eqtuaions later. 
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3. HiROTA Bilinear Identities of Wave Operators 



We suppose the wave operators Vl, Vr and Vj^^, Vj^^ given by eq. fl2.3p to eqf l2.6p . then 
define the symbols Pl, Pr and -P^^, Pr^ as following 

Pi(x,t,A)(Af) = PL{x,t,\)\^, (3.1) 

Pij(x,t,A)(Af) = P,j(x,t,A)Af, (3.2) 

= P^-i(x,t,A)A-f, (3.3) 

= P^i(x,t,A)A-f, (3.4) 

where # is an antiinvolution acting on the space of Laurent series in A by = a; and A* = A~^. 
The left side of eq. fl3.ip -eq. fl3.4l) means the operators Vl, Vr, "P/?^* acting on the function 

A^~ in the bracket. We should note that Vj^^ and are the inverse operators of Vl and Vr 
respectively, but Pj^^ and P^^ are not the inverse symbols of P^ and Pr respectively. 
For simplicity of Hirota bilinear identities, we will introduce two series below 

WLix,t,A) =VLix,t,A) X 



Vj,'^ix,t,A)iy 



exp 



N 



^ r(2 - ^) A^("+i-^) 



WRix,t,A) = VRix,t,A) X 



n>0 ^ ^ 



exp 



n>0 



r(2 + ^) A-M(n+l+^) 



./3=-A./+i + 2 + ^) 



n>0 



n! 



2 W AT' 



If the series have forms 

Wl(x, t,A) = J2 (^ii^^ ^> ^x)A^ and Wr(x, t. A) = ^ 6i(x, t, d^)A' 



Wi^(x,t,A) = ^A*<(x,t,(9^) and W^^(x,t,A) = ^ A^6;.(x, t, (9^), 

then we denote their left symbols W^, Wr and right symbols , ^r" as following 
Wl{x, t. A) = ^ ai(x, t, 9^)A^ = Pl(x, t. A) x 



exp 



,n>0 



r(2 - ^) A^("+^- V) 



.=1^(^+2-^; 



A'^^ / 1,1 1 \ t- 



n>0 



n! 



TM N' 



Mm 



xP^-i(x,t,A), 
iyR(x, t, A) = ^ 6i(x, t, 9,)A* = Pk(x, t. A) X 



A"^ / ^ 1,1 1 ^^ \ i 

n>0 ^ ^ 



A/,n 



exp 



E 



n>0 



r(2 + ^) X~Min+l+^) 



^ A-"*^ / ^ 1,1 1 \ t 



n>0 



ni 



2'M N' 



exp 



n>0 



r(2 + ^) A-^^("+i+^)_ 



^r(n + 2 + 



xP^i(a;,t,A). 



V- A-"*^ / ^ 1,1 l,^\t 



n>0 



n! 



2W A^' 



These operator-valued symbols are quite different from common symbols because edx is not 
replaced by its corresponding symbol log A. 

After defining residue as ResA^^g^anA" = a_i, we get the following proposition using the 
similar proof as [3] and [T3] . 

Proposition 3.1. Let t and t' he time sequences such that t^M.o = t'-Mo- o-nd Vr are wave 
operators of the EBTH if and only if for all m ^ r E '^{including 0) , the following Hirota 
bilinear identity hold 



ResA {A^'-+'"-i WL{x,t,edx,X)W£\x-me,t',ed„X)} = 
ResA {X-'''+^-'Wr{x, t, ed,, A) W^\x - me, t', ed^, A) } . 



(3.5) 



Proof. 

(^): Set a = {aNfl, "tv,!, o;n,2, aN-i,o, "Af-i,!, aN-1,2, a_M,i, a_M,2, • • •) be a multi 
index and 



act ffNfi pf'N,! fftN,2 . Q"iV-l,0 o"iV-l,l r^Q!]V-l,2 . . ff-M,\ pf 

■~ "tV.O "iV,l '~^N,2 • • • 1 '^TV-l.l '~^-M,l ^- 



M,2 • • • 5 



where da^i = d/dta^i ( we stress that d/dt^M,o is not involved). Firstly we shall prove the left 
statement leads to 



WL{x,t,A)A^'Wz\x,t',A) = WR{x,t,A)A-^''WR\x,t',A) 



(3.6) 



for all integers r > 0. Just the same as the method used in[T3], by induction on a, we shall 
prove that 

WL(x,t, A)A'^^(9"W^^(a;,t, A)) = WRix,t, A)A-'^'{d''W^\x,t, A)). (3.7) 

When a = 0, eq. fl3.7p becomes 

Vl{x, t, A)A'''Vl\x, t, A) = Vr{x, t, A)A-^''Vj,\x, t, A). (3.8) 

which is obviously true according to the definition of wave operators. 
Suppose eq. (l3.7p is true in the case of a 7^ 0. Note that 



r(2-V) 



d^,nWL := <! (9„,„Pi)^i'Wi, 

[{do^MV,' + VL^ied, - i(^ + 1^)C„)Ve']Wl, a = -M. 



g^A^("+i-^)p^i]>VL, a = AT, AT - 1, . . . , 1, 

a = M + 1, 



and 

({da,nVR)Vj,'WR, a = N...l, 

^a,n^^^R := <^ [{d^,nVR)V],' - Pii^|^g^A-*'("+^+^)P«']>VR, a = 0, . . . , -M + 1, 
[[{da,nVR) - VR^{-edJ- + ^)C„)P^i]W^, a = -M. 
By computation we get 



(5,,„)+>Vl, a = N...l, 

da,nm ■■= { -(5„,„)_Wl, a = M + 1, 

+ A.[£"(^log+/: - K-L + ^)C„)]]>Vz., « = -M, 

(5„,„)+>Vr, « = iV...l, 

9a,n>VK := <; -(5„,„)_>Vij, « = M + 1, 

- iT[^"(]g log- ^ + |(]^ + i)C„)]] « = -M, 

which imphes 

by considering (13 .Zp . Furthermore we get 

Thus if we increase the power of da,n by 1 then eq. 03.71) still holds. The induction is completed. 
Using the Taylor's formula and eq. fl3.7l) . expanding Both sides of eq. fl3.6l) about t = t', we can 
finish the proof of eq. fl3.6p . 

Then we shall prove the right-side statement of the proposition is equivalent to identity 
eq.(l33]). 

Let m G Z, r G N and t^M,o = t'^Mo- 

t,A) = J2 9^)^' and >V/j(x, t, A) = ^ hix, t, d^)A\ 

Wl\x,t,K) = ^K'a[{x,t,d^) and >V^i(x,t,A) = ^ A^'6;(x, t, 9^) 

and compare the coefficients in front of A"™ in eq. fl3.6p : 

ai{x,t,d:^)a'j{x -me,t',d^) = ^ bi{x,t,d^)b'j{x - me,t' ,d^). 

i+j=~m~Nr i+j=—m+Mr 

This equality can be written also as 

ResA{A^'-+"^-i iyi(x,t,e9,,A)W^^-i(x-me,t',e9,,A)} = 

ResA {A-^^'-+'"-WK(x,t,e9,, A)iy^i(x -me,t',e9,, A)} . 

(<^=): We have proved that eq. fl3.5p is equivalent to eq. (13.61) . Now we will prove eq. (13.61) 
implies that operators Vl and Vr are wave operators of the EBTH. 
Differentiate eq. (l3.6p with respect to ta,n and then put t = t', we can get 
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where 



r(2- 



A^("+i-^), a = N...l, 



Ca,n := <{ 0, a = M + 1, 

i,[A«^(ea,.-l(^ + ^)C„)], a = -M, 

{0, a = A^...l, 

Since (9q,,„Pl)P^ ^ contains only negative powers of A and {da,n'PR)Vj^^ contains non-negative 
powers, we get eg. (12.271) . eg. (12. 28 p by separating the negative and the positive part of the 
eguation. Thus Vl, Vr is a pair of wave operators. This is the end the proof. □ 
Although in the HBI eg. (l3.5p the symbols are not scaled- valued, we can also think about the 
scalar-valued form of the HBI. 

Proposition 3.2. Letl<a<N, -M + 1 < /3 < 0, m G Z, r G N; HBI eq.^Bj leads to the 
following scalar-valued Hirota bilinear identities 

( Y{2 - — ) A^("+^~^) 

[ r(n + 2-— ) e 

P^-i(x-me,t,A)]} =ResA{A-^^^'+™-i(9„,„Pfi(x,t,A)) P^\x - me,t, X)} , (3.9) 
ResA {X'''^"'-\d^,nPLix, t, X))PE\x - me, t, X)} = Rcsa {A-^^'-+'-^ [{dp,nPR{x, t, A)) 



P^i(x-me,t,A)-^;^-^^^^ Pn{x,t,X)Pj,\x-me,t,X)] }, (3.10) 



r A"^ 

ResA I A^''+'"-i [(a_M,nPL(a;, t, A))P^-^(a; - me, t. A) + ^^lI^^, t, X)P£^{x - mt, t. A) 

ynN X 1 1 "1 

C \-nM 

ResA I X-''''+^~'[{d^M,nPR{x, t. A)) P^^(x - me, t. A) + t, X)P^{x - me, t. A) 

\-nAI 1 1 T 1 

ResA {A^''+'"-1Pl(x, t, A)P^-i(x - me, t. A)} 
= ResA{A-^^"+'"-^PR(a;,t,A) P^^(x-me,t,A)}. (3.12) 

Proof. Let operators in both sides of eg. (13.51) act on "1", because 
exp(^ — j-(t-M,n - t'_^j^Jd^)P^\x - me,t', A)l = P[\x + ^ — j-(t_M,n - t'_M,n) - ^^,t', 



n! — ' ni 

n>0 n>0 



exp( J] j— (^-A/,n - t'_M,n)9x)PR\x - 1716, t' , A)l = Pj^\x + ^ j— (t-M,n " t'_Af,n) " "^e, t'. A), 



n>0 n>0 
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therefore the HBI eq. (l3.5p becomes 

n>0 a=l^^'^''^^ N ) ^ 
7i>0 ' n>0 

A''^^'^"-^P/?(x,t,A)exp(-5^ E rf Vo ^ ^ , ^ (W-^kJ + 

n>0 ' n>0 

(3.13) 

To get eq. fl3.9p . we differentiate both sides of eq.f l3.13p by ta,n and let t = t' . To get eq. fl3.10p . we 
differentiate both sides of eq. fl3.13p by tp^n and let t = t' . To get eq. fl3.1ip . we differentiate both 
sides of eq. fl3.13p by t_Af,n and let t = t' . To get eq. fl3.12p . we just let t = t' in eq. (l3.13p . □ 

Moreover, HBI fl3.5p can imply other interesting identities. 

Proposition 3.3. Letl < a < N, -M + 1 < (3 < 0, r e N and x - x' = me, m e Z, HBI 

(13. 5p leads to the following scalar-valued Hirota bilinear identities 



Y(2 - ^) A^("+^~^) 

ResA { A^'-i[a,„Pi(x,t, A))P^"^(x',t, A)A"^ + Vi, PL{x,t,X) 

L [n + z ) e 

P^-^(x',t,A)A"^]} =Res,{A-^'-^a,„P«(x,t,A)) P^^(x',t, A)A^} , (3.14) 
Res,{A^^-i(9;3,nPL(x,t,A))Pi-i(x',t,A)A^} = ResA{A-^'--i[(9;3,nPij(x,t,A)) 
Pi^\x', t, A)A^ - /^^ - ^' ^' ^^^^^ ' ^3-15) 



Resxlx''''-'[id^M,nPLix,t,\))P^\x\t,X)X'^ + -^PLix,t^ 



\nN 11 1 

-7;iT7 + T^)CnPLix,t,X)P^\x',t,X)X' 



ResA=oo|A*ip_A/,nP«(x,t,A)) P^\x',t,X)X'^ + —^PR{x,t,X)p-^,{x',t,X)X' 



ResA {A^'-iPz.(x, t, A)P^-i(x', t, A)A^ 
ResA|A-*^"~iPjj,(x,t,A) P^^(x',t,A)A^} . (3.17) 
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4. THE EXISTENCE OF TAU-FUNCTIONS 

For shortness, denote by [A^^]^, [A]^^ the following sequences: 



r(n+i- 



\a,n'-=\0, a = 0,-1 (M-1), 

0, a = -M. 

0, a = Ar,Ar- 

:= <! a = 0, -1, ... - (M - 1), 

0, a = -M. 

A function r depending only on the dynamical variables t and e is called the tau-function of 
the EBTH if it provides symbols related to wave operators as following, 

^ wi ?£2 ^ r(t_M,o + a;- f,t- [A-^]^;e) 

A + A2 r(t_M,o + a;-f,t;6) ' ^^''^ 

p-i _ _ r(t-M,o + x + f,t+[A-T;g) .... 

^ ■ " ^ A +A2+---- r(t_M,o + x + f,t;6) ' ^^"'^ 

: = + WiA + ti?2A +...:= ■ — — , (4.3) 

: = W7o + ^iA + w^2A + ...:= — . (4.4) 

For a given pair of wave operators the tau-function is unique up to a non-vanishing function 
factor which is independent of x, t_M,o and ta,n with all > and —M + 1 < a < N . 

In this section we shall give a transparent and detailed proof of the existence of tau 
function for the EBTH according to the Sato theory (P].|22]). 

Let t and t' be two different sequences of time variables with t_M,n = t'-Mn^ n > 0,r = 0, then 
HBI eq. fl3.5p becomes 



ResA { A™-iPz.(x, t, X)e- ^"^^ , . ^ "'"^ P£\x - me,t' , \) 

Res.<! A-^P«(x,t,A)e ^^^^^^^ ^ '''"V^-i(x-me,t',A) 

(4.5) 

By a straightforward computation, we can infer following lemma from eq.f l4.5p . which are nec- 
essary for our main theorem on tau function. 

Lemma 4.1. The following three identities hold 

log Pl{x, t, Ai) - log Pl{x, t - [A^-T, Ai) 

= log Pl{x, t, A2) - log Pi(x, t - [ArT, A2). (4.6) 
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logPi(x,t,Ai) - log PL(x + e,t+ [A2]^^Al) = log PK(x,t, As) - log PH(x,t- [ArT> As). 

(4.7) 

logPR(x,t,Ai) -logPfi(x + e,t+ [Asl'^^Ai) 

= log Pn{x, t, A2) - log Pr{x + e,t+ [X,]^\ A2). (4.8) 

Proof. For the proof of identity (HS]), we shall set m = 1, t' = t — [A^f^]^ — [A^^]^ in eq.f l4.5p . 
Using the identity 



1 



N{n + 

the bilinear identity eg. (14. 5 P gives 

Res, |px(x,t, X)P^\x -e,t- [X^Y " [^2 T, A)- ^ 



ResA {Pij(x, t, A)P^i(x - e, t - [A^T " [A2 T, A) } . (4.9) 

Using 

(1 - X^'X)-\1 - X,'X)-' = y^{(l - Ar^A)-i - (1 - x,'x)-'}x-\ 

ResA|/(A) ^^^^^J =/(Ai), 

where /(A) = 1 + Xli^i ctjA"* is a formal series of A , then eg. (14. 9 p infers 

Pl{x, t, X^)Pz\x -e,t- [ArT - [A2-r , Ai) 

= Pl{x, t, X2)PE\x -e,t- [Arr - [A2"T, A2). (4.10) 
Setting Ai = A and A2 = 00, we obtain 

Pl{x, t, X)P£\x -e,t- [X~Y, A) = 1, (4.11) 

which is eguivalent to 

P,-'(x-M-|A-r.A) = ^r(^. (4.12) 

Using this identity, eg. fl4.10p gives 

PL{x,t,Xi) PL(x,t, A2) 



Pl{x, t - [X^Y, Ai) Pl(x, t - [X^Y, A2) ■ 

or eguivalently to eg. (l4.6p . 

To prove identitydiZD, we shall set m = 0,t' = t - [A^^]^ + [A2]*^ in eg.fH3D. 
In this case, using the identities 

-(E"f§;?^)^a-v.-, 
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(4.13) 



exp 

the bilinear identity f l4.5p gives 



Af (n + 1 + ^) ) " " ^''^ > 

n>Oa=-M+l ^ Ml 



Res, <; Pz.(a:,t, A)P^-i(x,t - [ArT + A)A-i ^ 



ResA { PR{x,tA)Pn\^^t-\K'f + [A2]''^ A)A-i^^ }> . (4.14) 



Consider another residue formula 



ResAf{\)-^\=f{\{), (4.15) 



A - Ai 

where /(A) = cto + ^ c^jA* is a formal series of A, eq. (14.141) further leads to 

= P«(x,t,A2)P^^(a;,t-[ArT + [A2]'",A2). (4.16) 
Setting Ai = 00 and A2 = A in above equation, then 

PR(x,t,X)P^\x.t + \X]''',X) = 1, (4.17) 

^«'(^-' + W"^' = PW^' 

Using identity eq. (l4.12p . eq. (l4.16p and eq. (l4.18p . we get 

PL{x,t,Xi) P/j(2;,t, A2) 



(4.19) 



Pl{x + e,t+ [As]^, Ai) P«(x, t - [ArT, ^2) ' 

which is equivalent to eq. fl4.7p . 

For proving identity (USD, we set m = -l,t' = t + [Ai]^'^ + [A2]^^ in eq. (l4.5p . The bilinear 
identity eq. (l4.5p gives 

ResA {Pl{x, t, \)Pl\x + e, t + [Ai]^^ + [X^f', \)X-^] = 

ResA |p^(x, t, A)P^^(x + e, t + + [A2]^^ ^) _ ^^[^ _ • (^.20) 

Using formula 

(1 - \,X-')-\l - \2\-')-' = ^^{(1 - AiA-i)-i - (1 - X2X-')-'}X 

Ai — A2 

and residue formula eq. fl4.15p , eq. (I4.20p further gives 

Pr{x, t, \i)Pr\x + e,t+ [\,]'^ + 1X2]^', Ai) 

= Pn{x, t, X2)Pn\x + e,t+ [X^f + [A2]*^ A2). (4.21) 
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Using identity ( liTT]) . eq.f OTjl leads 

PR{x,t,Xi) ^ PR{x,t,X2) , . 

Pr{x + 6, t + [As]^, Ai) Pk(x + e, t + [Ai]^, A2) ' ^ ' ^ 

which is equivalent to eq. fl4.8p . So the proof of the lemma is completed now. □ 

By lemma 14.11 we get the following theorem. 

Theorem 4.2. Given a pair of wave operators Vl o,nd Vr of the EBTH there exists a unique 
corresponding tau-function up to a non-vanishing function factor which is independent oft-M,o 
and ta,n, n>0, -M + l^a^iV-l. 

Proof. As [22] , the proof is a little complicated and the process can be divided into there steps. 
For the first step, we shall define a 1-form u, and then give the translational invar iance of du. 
Then we will prove the 1-form is closed in the second step which leads to the existence of tau 
function r(t). The third step is devoted to give the certain value of integration constants such 
that we can get the symbols of dressing operators by T(t). To this end, define 

^^ttl t P eX-^-'-^-"^^-^) log Pr{x^ t, A) I . (4.24) 

r(2 + ^) dtpi^n' J 

Using the three identity eq. (14. 6 p , eq. (14. 7p and eq. (14. 8 p in lemma 14. H we get 

UL{x,t)-UL{x,t-[\-^f) = -rfi log PL(x,t, A), (4.25) 

URix,t)-ujR{x,t-[\-Y) = -dR\ogPL{x,t,\), (4.26) 

ULix,t)-ujLix + e,t+[Xf) = -dL\ogPRix,t,X), (4.27) 

ujR{x,t) -ujR{x + e,t+[Xf) = -dRhgPR{x,t,X), (4.28) 



where 



d 



N 

d 



dR = J2 JL^tp^n^. (4.29) 

/3=-A/+l n.>0 

Here we only give the proof of eq. fl4.25p using identity eq. (l4.6p in the following, the other there 
equations can be got in the same way. 

UJL{x,t)-ULix,t-[X-Y) 
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E E R-^. r(„\2-4) —. — 'air + E E 

0=1 n>0 I ^ ^ n'>Oa'=l 



= -> > dt«„ResAi<— ^ ^^^^ i^+y > 

i (2 —) Ota',n' 

= -EE^'^^-R--^. rd+^Aii) ' , EE 

^ d 

= -^^^^c.,nTj: ^<='SPL{x,t,X) 

a=l n>0 

= -dL\ogPL{x,t,X). 
In the calculation above, we should note the following identity holds 

n'>Oa'=l ^ IV ' ' 

In fact equations ( I4.25p - p.28p can be seen as a generalization of eqs.(3.16) in [21j. Moreover 
we define 

d = di + dR, u{x,t) = ujLix,t) + LUR{x,t). 
Eq. (14:2511 and Eq. Km lead to 

u{x,t) -uj{x,t-[X-Y) = -d\ogPL{x,t,X). (4.30) 
Eq. Km and Eg. (OH]) lead to 

uj{x,t) -uj{x + e,t+[X]^^) = -dlogPR{x,t,X). (4.31) 
When A = 0, eq.dlSIDlead to 

uj{x,t) — u{x + e,t) = —d\ogwo{x,t). (4.32) 
Differentiate both sides of equations in eq. (l4.3UI) . eq. (14.311) and eq. (14.321) . we get 

duj{x,t) = duj{x,t-[X'Y), (4.33) 
duj{x,t) = rfw(x + e,t+ [A]*0, (4.34) 
du{x,t) = dijj{x + e,t), (4.35) 
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which shows dco{x,t) is independent of x,ta^n,—M + 1 < a < N,n > 0. Without loss of 
generahty, we can assume 

N 

duj{x,t) = X] a{e)a,n,l3,mdta,n/\dt(S^m (4.36) 

a,l3=-]\I+l n,m>0 

where a{e)a,n,i3,m are independent of x,ta^n,—M + 1 < a < N,n > and a{e)a,n,p,m = 

— a(e)/3,m,a,n- So 

N N 

U{x,t) = ^ ^( ^ ^a{e)a,n,l3,mta,n)dtp^rn + dF{e,X,t) (4.37) 
/3=-M+lm>0 a=-J\/+l n>0 

for arbitrary function F{e,x,t). Taking u{x,t) in eq. fl4.37p back into the equation fl4.30p and 
f lOT]) . then 

TV TV 

-rflogPi(x,t,A) = dF{x,t)-dF{x,t-[X-Y)+ E EEE 

^=-A/+lm>0 a=l n>0 

a.,„,,,^ ^^"^|^'_'^^ 6A^^(-^^-^))rft,,^, (4.38) 

AT 

-dlogPR{x,t,X) = dF{x,t)-dF{x + e,t+[Xf)- E E E 

/3=-A/+lm>0 a=-A/+l n>0 

a.,„,,.^ ^^"^+'+|^ (4.39) 
Furthermore, two identities above lead to 

log PL{x,t,X) 

N N 

= Fix,t~[x-Y)-Fix,t)- y: eee 

/3=-A/+l m>0 o=l n>0 
rfl^ + 1 — _i 

V TV / 

logPij(x,t, A) 

= F(x+6,t+[A]^^o-^(^,t)+ E E( E E 

/3=-M+l m>0 a=-A/+l n>0 

««,n,/3,m-^^^;^^^^eA*^("+i+t))t^ „^ + ^«(^' ^' t-M,n, A), (4.41) 
where the functions HL{e,x,t_M,n, X) = Xli^i -^««(^' ^-M,n)A~* and 

Hfii^e, X, t_M,n, A) = Xli^o Hri{€, X, t_M,n)X^ are independent on tQ,^„(— M + 1 < a < A^). Taking 
these results back into eq. fl4.6p . eq.f l4.7p and eq. (l4.8p . then 

v"\^fV"\^ r(^ + i-^) ,-^(n+i-V)^ r(m + i-y) ^_jv(^+i_/!^) _ 

/3=1 m>0 a=l n>0 ^ N > ^^-^l^ —J 
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/3=1 m>0 a=l n>0 ^^-^1-^ ivJ iVi(^Z —) 

(4.42) 



Z^ Z^lZ^Z^«a,n,/3,m ^ ^ MT(2 + ^) ' 

+HL{e, X, Ai) - Hiie, x + e, Ai) = 

V"\^r V" r(n + 1 + f ) ^^M(n+i+^), r(m + 1 - y ) _jve^+i_^) 

/3=1 m>0 a=-M+l n>0 ^ M ) ^Vil^/I-— j 

(4.43) 

V" V" + ^ + ,yM(n+l+^) r(m + 1 + f ) A,(^+i+^) _ 

/3=_M+1 m>0 a=-A/+l n>0 ^ + Af^ ^^"^ ^ + Af ^ 

V" V" r(n + 1 + f ) M(n+1+|L) r(m + 1 + f ) M(m+1+A) 

Z^ Z^i Z^ Z^^"'"'^'™ Mrf2 + ^) ^ ^ /ifrr?^^^ ^ 

(4.44) 

By comparing the coefficients on both sides of eg. fl4.42l) -eq. fl4.44p . we get aa,n,p,m = 0'ii,m,a,n- 
With the help of the defining condition in eg. 04.361) . i.e, aa,n,/3,m = — «/3,m,a,n, Oa,n,/3,m = hold 
for all —M + 1 < a, /3 < iV; n, m > 0. So from identity (14.361) . we have duj{x, t) = 0. We thus 
conclude that there exists a non- vanishing function r(e, x, t) such that 

u{e,x,t) = dlogT{x - ^,t). (4.45) 

In fact the function t{x — |,t) can be written in another form as r(t„M,o + 3; — where i 
is denoted as all the other time variables except t-M,o- Therefore eg. (l4.32p can be rewritten as 

Me,x,t) = 4^^. (4.46) 

T[X 2^ ' 

From eg. fl4.37p . we can take F{e,x,t) = logr(x — |,t). So eg. fl4.40p and eg. fl4.4ip give us 



log PL(x,t, A) = logr(s - [A ] ) -\ogT{x - -,t) + HLie,X,t-M,n,X), 



logPR(x,t,A) = logr(x + -,t + [A] ) - logr(x - -,t) + ifR(e,a;,t_M,n, A). 



(4.47) 



(4.48) 



Substituting these into the definition of u and using eg. (14.450 we will see that H^^e, x, A), Hji{e, x, A) 
are all zero. eg. (14.471) . eg. (l4.12p . eg. (l4.48p and eg. (l4.18p will give the eguations eg. fHTIl) . eg. fH^ . 
eg. (l4.3p and eg. (14.40 in the definition of r. So the proof of existence of tau function is fin- 
ished. □ 
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Next we shall consider the Fay-like idenities on the tau functions. To this end, by taking the 
definition of tau function in fl4.ip . f l4.2p . ( 14. 3 p and ( 14. 4 p into eq. (l4.5p and replacing x — | by x 
in the tau function, we get the following Hirota bilinear identity 



ResA |A"-V(a;, t - [X'^f) x r(x - (m - l)e, t' + [A-^]^)e«^(*-*') 
= ResA |A"-V(a; + e,t + [A]^^) x t{x - me,t' - [A]*Oe««(*~*') } , (4.49) 

where 

To better understand these identities, following special cases are given explicitly. 

Similar to [21], we can choose other cases in different values of m,t,t' which lead to the 
following Fay-like identities: 

I. m = 0, t' = t — [A|f^]^ — [A2 ^]^. In this case the Hirota bilinear identity (I4.49P will lead to 

1 1 



ResA <! t{x, t - [X-Y) X r{x + e,t' + [X-Y) 



{1 - XX^'){1 - XX,') X 
ResA |r(x + e,t+ [A]^) x r(x, t' - [A]^)i| . 



Using 



(1 - xi'x)-\i - x^'x)-' = , , (1 - Ar^)-^ - , , (1 - x^'x)-\ 

we get 

—^^t{x, t - [X^YMx + e,t'+ [XiY) - -i^-Tr(.x, t - [X^YMx + e,t' + [X,Y) 

= t{x + e, t)T{x, t'). 
It further leads to 



jt{x, t - [X^YMx + e, t - [X,Y) - ' t - [A2-T')^(^ + t - [AfY') 
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= t{x + e, t)r(x, t - [ArT " [^2"^)- (4-50) 
II. m = 0,t' = t + [XY + [^2]^'^- In this case the Hirota bilinear identity (I4.49p will lead to 
ResA {r{x, t - [X-Y) x t{x + e,t' + [A^^ )A-^} 



Using 



(1 - A-^AO-^(i - x,x-Y' = - ^1^"')"' - r^(i - ^^^"')"'' 

Ai — A2 ^1 ~ ^2 
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we get 

t{x, t)T{x + e, t') 



-t{x + e, t + [Ai]''0^(a^, ^' - [M ) - ^^^(a; + e, t + [AJ"" )r(x, t' - [A2] 



Ai — A2 Ai — A2 

It further leads to 

r(a;, t)r(x + e, t + [Ai]*^ + [A2]*') (4.51) 

Ai — A2 Ai — A2 

III. m = l,t' = t - [A^^]^ + [A2]*^ In this case the Hirota bilinear identity f l449D will lead 

to 

1 



ResA <^ r(x, t - [A'T) x r(x, + [A'^ ) 



1- AAi 



-1 



= ResA |r(x + e,t + [A]*^ x r{x - e,t' - [Xf^)^—^^ 
which is equivalent to 

Ai(r(a;, t - [X^Y)r{x, t' + [X^Y) - t{x, t)r{x, t')) = X2t{x + e,t + [X2]'')r{x - e,t' - [X2]''). 

It further implies 

Ai(r(x, t - [X^Y)r{x, t + [X^f) - r(a;, t)r(a;, t - [A^T + [H'')) 

= A2r(x + e, t + [\2Dr{x - e,t - [X^Y)- (4-52) 

These identities can be used to prove the Adler-Shiota-van Moerbeke (ASvM) formula. We 
tried that but got stuck by some difficulty. We will omit it because the center of our consider- 
ation in this paper is the HBEs of the EBTH which will appear in the next section. 

As the end of this section, we would like to show the close relations between tau function 
and dynamical functions Wi and Wi from Sato equation. Calculate the residue of eq. (l2.27p . it 
implies 

da,nWl = -ReSABa,n, (4.53) 

where the residue is the coefficient of term A^^. According to eq. (14.21) . we have 

P, = l + !^ + ^ + ... = l-l*^it:M + ..., (4.54) 

A A^ Ar(x,t) 

which implies Wi = —edNfi\ogT{x,t). Taking wi into eq.f l4.53p . we have 

eda,ndN,o^ogT{x,t) =ResA,B„,„, (4.55) 
Additionally, comparing the coefficient of A° on both sides of eq. fl2.28p . we can get 

Further considering eq.( l4.46p and replacing x — | by x, we can get 

a„,„logwo = 9„,„log -— = ResA[(5^,„)A"^]. (4.56) 

t{x) 

The relations between tau function and other dynamical functions also can be given by tedious 
calculation from Sato equations. 
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5. THE HBES OF THE EBTH 



In this section we continue to discuss the fundamental properties of the tau function, i.e., 
the Hirota bihnear equations. So we introduce the following vertex operators 



r±«: = exp ±J] 



n>0 



N 



1^ T^r^ , o Vn : tc.,n + ^ ( log A - -(— + -)Cn 



r±^: = exp 



xexp (^t|5_m,oT [A-^]^) , 

r(2 + ^) x-mn+i+ 



2'M N' 



n>0 



E 



.,=-M+i r(n + 2 + ^; 



m) A-'^^ a , 1,1 i,^\t. 

—H,n - — n- I log A + -(— + —)Cn 



2'M N' 



-M,n 



X exp (^^|a_M,o T [A]J^) , 



where 



AT 



_ Q-l \ 

n>0 a=l ^ 

' ^r(2 + ^) 



dt ' 



at. 



We can see that the coefficients of the vertex operators F^" ® r""^" and F^^ (g) F^^ are multi- 
valued function because of the logarithmic terms log A. There are monodromy factors M°- and 
M'' respectively as following between two different ones in adjacent branches around A = oo 



M" = exp <( ±— J2 —^{t-M,n (8) 1 - 1 <8) t-M,n) \ , 



e — ' n! 

n>0 



(5.1) 



2Tli \-nM 
= exp <j ±— —^{t_M,n ® 1 - 1 t-M,n) 

n>0 



(5.2) 



In order to offset the complication we need to generalize the concept of vertex operators which 
leads it to be not scalar-valued any more. So we introduce the following vertex operators 



ra = exp j - ^ -^{ed^)t^M,n ) exp(x9_M,o), 



n>0 



A 



-nM 



F^ = exp ( - 2^ ——^{eda;)t-M,n J exp{xd-M,o)- 



n>0 



Then 



rf* = exp(a;a_M,o) exp J] — 7-{ed^){t-M,n - t'_M,n) eMx9'_M,o), 



v,n>0 



(5.3) 
(5.4) 

(5.5) 



A 



-nM 



rl* ® F^ = exp(a;a_M,o) exp -{ed^){t-M,n - t'_M,n) ^Mxd'_M,o)- (5-6) 



en! 
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After computation we get 



(ri* ri) = exp ±^ - ''-M^nj 

I n>0 

exp I ±—{{t.M,o + (t'_,,,o + ^ + Yl ^('^-^^■^ - ^-A^.")) ) (^'* ® ^3 

n>0 



exp(±^(t_M,o-t'_M,o)) (rf®rf), 
(rf r^) = exp 5^ ^(t.M,n - 1'_ 



exp 



n>0 



n>0 



exp (±^(t-./,o-tUo)) (rf 



Thus when t-A/,o - t'_A/,o ^ Ze, (rf# ® Tf) (F*^ ® r-*^) and (^rj* ® Tf^ (p-^ ® T^) are all single- 
valued near A = oo. 

We will say that r satisfies the HBEs of the EBTH if 

ResA (a^*--^ (rf ® r^) (r ® r-*^) - a-^'^-^ (rf ® r^) (r-" ® r^)) (r®r) = o (5.7) 

computed at t_A/,o ~ t'-M o ~ each m G Z, r G N. Now we should note that the vertex 

operators take value in algebra A[[t]] whose element is like J2i>o^i(^'^'^)^^- 

Theorem 5.1. Function T{t,e) is a tau-function of the extended bigraded Toda hierarchy at a 
certain spatial point if and only if it satisfies the Hirota bilinear equations (15.71) . 

Proof. Note that the r(t) now is independent of variable x because the x takes a fixed value, 
fox example x = xq (constant). However, in the following proof, x will appear in the r(t) due 
to the action of vertex operator on r(t). For example, e^'^-*^'°r(t) = r(t_M,o + x,t) where i is 
just as the definition in the proof of the existence of tau function. 

We just need to prove that the HBEs are equivalent to the right side in Proposition 13.11 By 
a straightforward computation we can get the following four identities 

rfrV = r(t_M,o + x-e/2,t)A*-«'«/Wi(x,t,e9,,A)A^/S (5.8) 

rfr-V = A-*--'«/^A-^/W^-i(x,t,e9,,A) r(x + t_Af,o + e/2,t), (5.9) 

rfr-V = r(x + ^_M,o-e/2,^)A*-*^'«/Wfi(x,t,ea,,A)A^/^ (5.10) 

r^rV = A-*-«-"/^A-"/W^i(x,t,e9,,A) r(x + t_M,o + e/2,f). (5.11) 

Here i is denoted as all the other time variables except t-Af,o- We should note that we take the 
left side of eq. fl5.8p -eq. fl5.1ip not as functions but operators involving e^"". We should pay more 
attention to the different operations of the operators d^, da,n and djj^rn, for example, 

exp I ^ — -t-M,ndx j r{x + t^,,o, t, A) 

\n>0 ■ / 
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yiN I ynN 

t{x + t^Mfi + ^ -^t^M,n, t, A) exp [ ^ -^t_M,ndx ] , (5.12) 



n>0 



vn>0 



exp(x9^A/,o)exp|-|9_M,o- =^(^-Af,o + x-e/2,t- [A-^), (5.13) 



exp <^ (log A) 



t_Af,0 + X 



^ \n>0 ' ) 



ynN 

exp I ^ -^{edx)t^M,n I exp { (log A) 

vn>0 



_ A"^ 



> . (5.14) 



The above formula shows the relationship between e^"= and r(t) is a product of operators, but 
the relationship between e^"-" (or e^''-™) and r(t) is a action of the former on the latter. 
For simplifying the proof, we first introduce following operators. 



^-EE ^^^'"^^ A^(»+^-^) ^ 



a,ni 



(5.15) 



1,1 1 



E=5:— (iogA--(-+-)c„ 



n>0 



(5.16) 



then, with the help of above identities eg. (15. 121) and eg. (15. 131) . the left hand side of identity 
eg. fl5.8p can be expressed by 



vn>0 



r^#rV = exp(x9_Af,o)exp I V^(ec',)t_.M,n 

\ en! 

exp<^ J] 



. n>0 



^ r(2-e^) A^^^+i-"^) A'^^ 



_^r(n + 2-^ 



logA-i(- + l)Cj^ 



xexp|-^a_A/,o - [A ^]^}r(t;e) 



exp{£)} exp{£'} exp{a;9_A/,o} exp{^ ■^(ec?x)^-M,n} 



exp{(logA)^y^}r(t_Af,o - [A 



n>0 



r(t_A/,o + x- ^,t- [A-y ) exp{Z}} exp{E} exp{(log A) + } 



A"^ 

exp{^ j^(e<9^)t-M,n}- 



n>0 



Taking eg.f l5.14p into it, then substituting D and E by eg. fl5.15p and eg. (l5.16p . 
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r^#rV = r(t_M,o + x- e/2, t)PL{x, t, A) exp V -—{ed^)t 

\ ^-^ en! 



exp 



N 



vn>0 

Q-l % 



r(2-^) A^("+^-^) ^ ^X-^"""/, X 



n>0 Q=l ^ A' 



n>0 



72! 



1/1 1 ^^ ^ 



M,n 



exp <^ (log A) 



t-Mfi — I ^ —t-M,n I + a; 

vra>0 



r(t-Af,o + a; - e/2, t)PL(x, t, A) x 

TV 

I I V — : 



exp 



r(2-^) A^("+^~^) ^ ^X-^"''^;^ \ ^ ^ ^ ,r 



n>0 



2'M N' 



.n>o«Jtr(n + 2-^) e 

exp{(logA)(t_M,o + a;)/e} 

= r(t_M,o + X - e/2, t)A t, e5,, A)A"/^ 

The other three identities are derived in similar way which will be shown in detail in the 
appendix. 

By substituting four equations eq. fl5.8p -eq. fl5.11l) into the HBEs (15. 7p we find: 
ResA {A^'-ir'^#rV ® T^T-^T - \-'^i^--^t^*t-\ ® T^T\] 

= ResA [t{x - e/2, t)\'''-^\^'-''-'-''-Ms.')I^WL{x, t, ed,, X)We\x, t' , ed,, A) t{x + e/2, t') 
-{x - e/2, t)A-*^'--iA(*-'^«^*-M.o)/w^(x, t, ed,, X)Wi^\x, t', ed,, A)r(x + e/2, t') ] . 



A/,0 



me and consider that 



Note here r(x — |, t) = tU^m n + x — ^.t) as eq. fl4.45p . Let t_M,o — ^- 
Wl{x, t, edx, A), W£^{x, t', edx, A) and Wr^x, t, edx, A), W^^{x, t', edx, A) are all not scaled- valued 
but take values in the algebra of differential operator. Therefore the HBEs lead to 

ResA {X"'+'''-'WL{x,t_M,o,t,edx,X)W^\x,t.M,o-me,t',edx,X)- 

X^-'''-'Wr{x, t.M,o, i, edx, X)W^\x, t_M,o - me, t' , edx. A) } = 0, 

which can also be written as 

ResA {X'^+''''-'Wl{x, t.Mflt, edx, X)W^\x - me, t.M,o, i', edx, X)- 
Xm-Mr-iy^^^^^ t-Af,o, t, edx, X)W^\x - me, t.Mfi, t', edx. A) } = 0. 

This is just eq. (13.51) . So the proof is finished. □ 

6. THE HBEs OF BTH 

Excluding the variables of t_A/,n; > 1, we obtain a Hirota bilinear equations for the bigraded 
Toda hierarchy (BTH). Similar to EBTH, we introduce the following vertex operators 

N 



exp < ± 



r(2 - ^) 



X exp <^ =F-9_A/,o =F ^ 

n>0 



.„=ir(n + 2-^ 

TV 



>-^ r(n + i ^) jv(„^i_s--i) d 
^ ivr(2-^) " 



dtr 
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■^±d 



exp < ± 



r(2 + ^) X-M{n+l+^) 



X exp <^ T^d.Mfi T 



n>0 



In this case, because there is no logarithmic term in the vertex operators, so we need not 
generahze the vertex operators. Just as a resuh of that, the vertex operator will take values in 
scalared function of e, t, A. 

Corollary 6.1. A non-vanishing function T{t^M,o',ta,n, ■ ■ ■ ', ^) is a tau-function of the BTH 
(t-M,n,n > 1 excluded) if and only if for each m ^ "Z, r ^ N, 

^ Nr+m—lj^c ^ "p— c \ — Afr+m— Ip— cZ ^ 'pd.X ^ ^\ g 



Res i^X^r+m-l^c ^ p-c _ ^-Afr+m-lp-d ^ prfj ( 



(6.1) 



when t_ 



M,0 



7. Conclusions and Discussions 



In previous sections, we have succeeded in extending Sato theory to the EBTH. Starting 
from the revised definition of the Lax equations, we have given Sato equations, wave operators, 
Hirota bilinear identities related to the wave operators, the existence of the tau function and its 
important properties including Fay-like identities and Hirota bilinear equations. In particular, 
this hierarchy deserves further studying and exploring because of its potential applications in 
topological quantum fields and Gromov-Witten theory. Our main support of this statement 
currently is that ETH describes the Gromov-Witten invariants of CP^. We would like to point 
out that our Lax equations are revised from Carlet's result [15], but our proof on the existence 
of the tau functions is more transparent than it. 

Our future work will contain the applications of this kind of HBEs in the topological fields 
theory and string theory, the virasoro constraint of EBTH from the point of string equation 
and ASvM formula. 

Acknowledgements: This work is supported by the NSF of China under Grant No. 10671187. 
It is also supported by Program for NCET under Grant No. NECT-08-0515. We are thankful to 
Professor Youjin Zhang, Dr. Siqi Liu (Tsinghua University, China), Prof. Weizhong Zhao (CNU, 
China) for helpful discussions and Dr. Todor E. Milanov (North Carolina State University, USA) for 
his valuable suggestions by email. The author Chuanzhong Li also thanks Professor Yuji Kodama and 
Professor Hsian-Hua Tseng in Ohio State University for their useful discussion in their colloquium. 
We also thank Professor Li Yishen (USTC, China) for long-term encouragements and supports. We 
thank anonymous referee for their valuable suggestions and pertinent criticisms. 



25 



References 



M. Toda, Vibration of a chain with nonhnear interaction. J. Phys. Soc. Jpn. 22(1967), 431-436. 
M. Toda, Nonhnear waves and sohtons(Kluwer Academic Pubhshers, 1989). 

K. Ueno, K. Takasaki, Toda lattice hierarchy. In "Group representations and systems of differential 
equations" (Tokyo, 1982), 1-95, Adv. Stud. Pure Math., 4, North-HoUand, Amsterdam, 1984. 
M. Sato and Y. Sato, Sohton equations as dynamical systems on an infinite dimensional Grassmannian 
manifold, in H. Fujita, P.D. Lax and G. Strang (ed.), "Nonlinear PDE in Applied Science", Lecture 
Notes in Numerical Analysis vol. 5 (Kinokuniya, 1982), 259-271. 

Y. Zhang, On the CP^ topological sigma model and the Toda lattice hierarchy, J. Geom. Phys. 40 
(2002), 215-232. 

R. Dijkgraaf, E. Witten, Mean field theory, topological field theory, and multimatrix models, Nucl. 
Phys. B 342 (1990), 486-522. 

E. Witten, Two-dimensional gravity and intersection theory on moduli space, Surv. in Diff. Geom. 1 
(1991), 243-310. 

B. A. Dubrovin, Geometry of 2D topological field theories, in Integrable systems and quantum groups 
(Montecatini Termc, 1993), 120-348, Lecture Notes in Math., 1620, Springer, Berlin, 1996. 
G. Carlet, B. Dubrovin, Y. Zhang, The Extended Toda Hierarchy, Mosc. Math. J. 4 (2004), 313-332. 
B. Dubrovin, Y. Zhang, Normal forms of hierarchies of integrable PDEs, Frobenius manifolds and 
Gromov- Witten invariants (arXiv: math.DG/0108160). 

E. Getzler, The Toda conjecture. Proceedings of conference on symplectic geometry, KIAS, Seoul, 



August 2000(also see, arXiv: |math.AG/010810"8|. 



T. Eguchi, S.K. Yang, The topological ( 7'' model and the large- TV matrix integral. Modern Phys. Lett. 
A9 (1994), 2893-2902. 

T. Milanov, Hirota quadratic equations for the extended Toda hierarchy, Duke Math. J. 138 (2007), 
161-178(also see, arXiv: math. AG/0501336). 

S. Aoyama, Y. Kodama, Topological Landau-Ginzburg theory with a rational potential and the dis- 
persionless KP hierarchy, Commun. Math. Phy 182(1996), 185-219. 

G. Carlet, The extended bigraded Toda hierarchy, J. Phys. A 39 (2006), 9411-9435(also see, 
arXiv:math-ph/0604024 ) . 

T. Milanov, H. H. Tseng, The spaces of Laurent polynomials, P^-orbifolds, and integrable hi- 
erarchies. Journal fiir die reine und angewandte Mathematik 622 (2008), 189-235, (also see, 
F arXivmath. A G /060701 2 ) . 

J. D. Fay, Theta functions on Riemann surfaces, Lect. Notes. Math. 352 (Springer Verlag, 1973). 
M. Adler and P. van Moerbeke, A matrix integral solution to twodimensional Wp-gravity, Comm. Math. 
Phys. 147(1992), 25-56. 

K. Takasaki and T. Takebe, Integrable hierarchies and dispersionless limit. Rev. Math. Phys. 7(1995), 
no.5, 743-808. 

K. Takasaki, Differential Fay identities and auxiliary linear problem of integrable 
hierarchies (|arXiv:0710.5356p . 

L. P. Teo, Fay-like identities of Toda lattice hierarchy and its dispersionless limit. Rev. Math. Phys. 18 
(2006), 1055-1074(also see, arXiv:math.nlin/ 0606059 ). 

E. Date, M. Kashiwara, M. Jimbo, T. Miwa, Transformation groups for soliton equations, in Non- 
linear integrable systems-classical theory and quantum theory (Kyoto, 1981) (World Sci. Publishing, 
Singapore, 1983),39-119. 

8. Appendix 

Proof of the identities eq. fl5.9p -eq.f l5.11|l : 

By a similar calculation of eq. fl5.8p . we liave 



exp [ - ^ — j-(e5x)i-M,n ) X exp {xd. 

n>0 



M,0) 
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exp 



n>0 



N 



V- r(2-^) A^("+^'^) ^ ^ A'^^ / , \^ ^^^r^ 



.r(n + 2-s^) 

xexp{|9_M,o + M^}r(t) 



n! 



2 W 



exp 



N 



W r(2-^) A^("+^-^) -M + l^c 



^ T(n + 2- ^ 

n>0 a=l ^ N 



n>0 



2'M N' 



exp 



log A I exp{-(logA)(t_M,o + a;)/e}r(x + t_M,o + e/2,t+ [A"']^) 



ra>0 



en! e 



exp 



EE 



r(2 - ^) A^("+i- V) 



-Af,n 

e 



^ r(n + 2 - 

n>0 a=l ^ 

r(x + t_M,o + e/2,t+[A-y) 



g— 1 ' 
N ' 



n>0 



exp 



EE 



r(2 - ^^^) A^^^+i-"^) 



n>o.Jtr(n + 2-^) e 
- |p^-^(x,t,A)r(x + t_M,o + e/2,t) 
A '-^Wl\x, t, ed^, X)t{x + t.Mfi + e/2, t). 



ri>0 



-M,n 
€ 



So eg. (15.91) is proved. 

For the convenience of the proof of eg. (15. 101) . we introduce an identity 



1/1 1 

- -(— + — )C„ 

2^M A^^ " 



exp{a;(9_Af,o} exp{y^ -(e9j,)t^Af,n} exp{(log A)— ^} 

en! e 

n>0 

= exp{y^ -(e(9a;)t_M,n}exp{(logA) ^^^^ ^ }, 

en! e 



n>0 



and define two operators 

^=E 

n>0 

« = E 

then 



rfr-V 



?i>0 



X-nM 



r(2 + ^) A-*^("+i+^) 



-logA--(- + l)Cj^. 
n! \ ^ 2^M e ' 



exp (a;a_M,o) x exp [ ^ -^^(e<9:E)i-A/,n 



(8.1) 



^.2) 
i.3) 
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exp 



E 

n>0 



r(2 + ^) \-Min+l+^) ^-nU ( _ ^ 1 



^/3,n + 



./3=-Af+ 



-log A - -(— + —)Cr 



-M,n 



xexp||a_A/,o + [A]^'}r(t;e) 



e - 



r(tM,o + a; + -,t+[A]*^)exp{-F}exp{-G'} 



exp{x(9_M,o} exp{^ - — j-(e9^)t_M,„} exp{(log A)^-^}. 



-nM 



n>0 



e n 



Using identity eq. fl8.ip . then substituting F and G given by eq. fl8.2p and eq.f l8.3p . we have 



exp 



^ ° r(2 + ^) A-^-^("+i+^) 
T./__ , o , /3n : 



exp 



n>0 ^=-Af+l 
\-nAf j- 



r(n + 2 + 



n>0 



A 



-nM 



1/1 1 

-ea^ ( 1 )C„ 

2^M A^^ " 



vn>0 



en\ 



log A j exp <j (logA)(t_M,o + 2; - X] 



n>0 



^(a; + tA/,0 - e/2, i)Pji{x, t, A) 

/_V V r(2 + ^) A-^^("+i+^) 

*-A/,0+^ 

A^^ 



I3,n 



n>0 



A 



-nM 



1/1 1 x^ 
ef^x + -( \ )Cn 



= t{x + tMfl- e/2,t)WR{x,t,ed^,X)\ 

which is eq.f l5.10p . 

Similarly, to prove eq.f l5.lip . we have 



exp [ - ^ ——^{td^)t_M,n ) X exp {xd^ 



n>0 



A/,Oj 



exp 



E 

. n>0 



r(2 + ^) A-^'^("+i+^) 



-71 A/ 



^/3,n + 



n! 



xexp{-|9_M,o-[A]^^}r(t) 



exp 



° r(2 + ^) A-^'^("+i+^) ^A-"^'^ 
2^ 1^ T(n + 2 + ^) I ^/^-« + Z^ 



n>0 



1/1 1 

"^^-2(M + iv)^" 



-A/,n 



exp 



E 



Af,n 



n>0 



log A exp {(-log A)(t_Af,o + x)/e}r(x + t_Af,o - e/2,t - [A] 



exp 



E E 

, n>0 /3=-A/'+l 



r(2 + 4) A-*'^("+i+^) 



r(n + 2 + 



A 



-nA/ 



M' 



n>0 



n! 



-e9^ - -(— + — )C, 
^ 2 W AT^ ' 
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-M,n 



Y{x + t_M,o-e/2,t-[X-T) 



= A ^ — exp <^ > > ^ ^ tB n+y ;— -ed^ - -(— + — C„ 



, n>0;3=-M+l V"- ' " ' N' n>0 



I P^^(x, t, \)t{x + t_M,o + e/2, t) 

t—M 0+^ 

A ^ W^\x, t, ea^, A)t(x + t_M,o + e/2, i). 



□ 
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